ON THE GENUS OF A MAXIMAL CURVE 

GABOR KORCHMAROS AND FERNANDO TORRES 



Abstract. Previous results on genera g of Fq2-niaximal curves are improved: 

(1) Either g < [{q^ - q + 4)/6j , or g = [{q - 1)V4J , or g = q{q - l)/2 . 

(2) The hypothesis on the existence of a particular Weierstrass point in is proved. 

(3) For q = I (mod 3), q > 13, no rq2-maximal curve of genus (g — l)(g — 2)/3 exists. 

(4) For q = 2 (mod 3), q > 11, the non-singular Fq2 -model of the plane curve 
of equation y'^ + y — a;('?+i)/3 jg the unique Fq2 -maximal curve of genus g — 
(g-l)(g-2)/6. 

(5) Assume dimiVx) — 5, and char(Fg2) > 5. For g = 1 (mod 4), q > 17, the 
Fermat curve of equation -|- y(9+i)/2 4^ i = g is the unique Fg2-maximal 
curve of genus g — (g — l)(g — 3)/8. For g = 3 (mod 4), g > 19, there are 
exactly two Fq2-maximal curves of genus g — {q — l)(g — 3)/8, namely the above 
Fermat curve and the non-singular Fq2 -model of the plane curve of equation 
yQ + y = x^i+^y^ . 

The above results provide some new evidences on maximal curves in connection with 
Castelnuovo's bound and Halphen's theorem, especially with extremal curves; see for 
instance the conjecture stated in Introduction. 



1. Introduction 

An Yq2-maximal curve X of genus g is defined to be a projective, geometrically ir- 
reducible, non-singular algebraic curve defined over Fg2 such that the number of its 
Fg2-rational points attains the Hasse-Weil upper bound, namely 

i^X{Y,.) = q^ + l + 2qg. 

F^2-maximal curves especially those with large genus are currently investigated also in 
connection with coding theory and cryptography based on Goppa's method BO, Ch. 4, 



Sect. 7]. It is well known that g < q{q — l)/2, see [Q, and that g reaches this upper 



limit if and only if X is Fq2-isomorphic to the Hermitian curve, see [^. In [0 it is 
proven that 

(1.1) either ^ < [(g - 1)V4J , or g = q{q-l)/2. 
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For q odd, g = {q — 1)^/4 occurs if and only if X is Fg2 -isomorphic to the non-singular 
model of the plane curve of equation y'^ + y = x^'^'^^^^'^, see [15, Thm. 3.1]. For q even. 



a similar result is obtained in [0 under an extra-condition that X has a particular 
Weierstrass point: g = [{q — l)^/4j = q{q — 2)/4 if and only if X is Fg2 -isomorphic to 
the non-singular model of the plane curve of equation y^/^ + . . . + y'^ + y = x'^'^^. These 



results together with some evidences coming from |]I2[, |T3[, ||2T[ make it plausible that 
only few Fg2-maximal curves can have genus close to the upper limit. As a matter of 
fact, in the range 

L(g-l)(g-3)/8j <^?< L(g-l)V4j, 

only twelve examples up to Fq2 -isomorphisms are known to exist and the spectrum of 
their genera is listed below: 



(I) g = [(g^ — g + 4)/6j for g = 0, 1, 2 (mod 3), see Remark ^ , 
(II) g = {q^ -q- 2)/6 for g = 2 (mod 3), see 0, Thm. 6.2] or |l|, Thm. 5.1]; 

(III) g = [((g - l)(g - 2)/6j for g = 0,2 (mod 3), see the case = 4 in (^, and 
Sect. 13 

(IV) g = [(g2 - 2g + 5)/8j for g = 0, 1, 3 (mod 4), see Remark |A0 



(V) ^ = [(g - l)(g - 3)/8j for g = 0, 1, 3 (mod 4), see the case = 5 in (^, and 
Sect. O. 



Theorem in this paper together with (|1 . 1|) prove the following result, see Corollary 



;i.2) either g < [{q^ - q + ^) /6\ , or g=[iq-lY/A\, or g = qiq-l)/2. 



This result is the best possible since the upper bound in ( |1.2D cannot be improved as it 
is attained by the curves cited in (I) for every g. In other words the third largest genus 
of an Fg2-maximal curve equals g = [(g^ — g + 4)/6j independently of g; by contrast, 
the fourth largest genus might heavily depend on g. The above examples also show 
that the gap between the first and second as well as the second and third largest genus 
is approximately constant times g^, while the gap between the third and forth is only 
1 for g = 2 (mod 3), and at most constant times g for g = (mod 3). 



The essential idea of the proof of Theorem |3.1| is to show that every Fg2-maximal 
curve of genus g > [(g^ — g -|- 4)/6j has a non-singular model X over Fq2 embedded in 
P^(Fg2) such that X has degree g+1 and lies on an Fg2-rational quadratic cone Q whose 
vertex V belongs to X. This idea will be worked out using the "natural embedding 
theorem", see ||37| , Thm. 2.5], together with Weierstrass point theory, Castelnuovo's 
genus bound, Halphen's theorem and some other tools. Actually, for g even the vertex 
y is a particular Fg2-rational Weierstrass point of X, since the order-sequence of X 
at V (i.e. the possible intersection numbers of X with hyperplanes at V) turns out to 
be (0, 1, (g + 2)/2, g + 1). Similarly for g odd, an Fg2-rational Weierstrass point with 
order-sequence (0, 1, (g + l)/2,g + 1) is shown to exist. An Fq2-rational point of X 
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with such a particular order-sequence forces X to have genus [(g — 1)^/4J as noticed 
in |37, Remark 2.6(1)]. Then, the already quoted characterization theorems from [15 



and [0 will be applied to complete the proof of Theorem |3T^. It should be noted that 



Theorem ^?1| improves both |1T7| , Prop. 2.5] and the main result in 



Curves with genera as in (III) and (V) above turn out be extremal in P*^(Fg2) and in 
P^(Fg2) respectively, as such genera are Castelnuovo's numbers Co(g + 1,t), r = 4, 5, 
see ( ^.11 ). Extremal curves in zero characteristic have been widely investigated, see, for 
instance, and the references therein. Several relevant properties of extremal curves 
are known to hold true in positive characteristic thanks to Rathmann's work (see 
also H]). For the present purpose, the key result on extremal curves is Lemma 



stated in Sect. p.l| . Indeed, this lemma together with other results will give both the 
non-existence of Fq2-maximal curves of genus (g — 1) (g — 2)/3 for g = 1 (mod 3) , and a 
characterization of a Fg2-maximal curve with such a genus for g = 2 (mod 3), g > 11; 
see Theorem |4.5| . Under two additional hypotheses, namely the curve is naturally 
embedded in P^(Fg2) and char{Fq2) > 5, the aforementioned key result will also be 
an essential ingredient in characterizing Fq2-maximal curves of genus (g — l)(g — 3)/8 



for g = 1,3 (mod 4), g > 11; see Theorem [4.9| . This theorem is related to a previous 
characterization of plane Fq2-maximal curves of degree (g + l)/2 stated in |jTl]]. Also, 



in view of the results in Sect. and ||^, Proof of Prop. 2.4], it seems plausible that 
any two Fg2-maximal curves of genus g(g — 3)/6 for g = (mod 3) are Fg2 -isomorphic. 
On the contrary, due to the examples in |]l]. Sect. 5], no similar result for curves of 
genus g(g — 4)/8, g = (mod 4) can hold. For a further interesting question related 
to these matters, see Remark |2.14] . 

The genera in (I) and (IV) above coincide with Halphen's number Ci(g + 1, r), r = 3, 4, 
see (|2.2| ). Extensions of results around Halphen's theorem from zero characteristic to 



positive characteristic are also possible again by Rathmann's work ||38| and Ballico's 
paper 0. Unfortunately, we do not have so far a classification theorem for Fq2-maximal 
curves with such genera. What we currently know in this direction is that extremal 
curves lie on special surfaces such as scrolls, see e.g. Ch. Ill, Thm. 2.5], and 
that curves with enough large degree and genus equal to Halphen's number are Cohen- 



Macaulay curves lying on Castelnuovo surfaces, see the main theorem in [|10[. These 
facts together with the general form of the above mentioned "natural embedding theo- 
rem" stating that every Fg2-maximal curve is naturally embedded in a high-dimensional 
projective space over ¥^2 as a curve of degree g + 1 contained in a Hermitian variety 
of degree g -|- 1, see [^, Thm. 3.4], seem to be a good starting point of a classification 
project for such Fg2 -maximal curves. 



Finally, we stress that (|L2|) provides evidence for the following conjecture. 
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Conjecture. With notation as in ( |2.1|) and ( |2.2| ), there is no Fq2-maximal curve of 
genus g such that 

ci(g + 1, r) < g < co{q + 1, r) . 
2. Background 

Our purpose in this section is to recall some results concerning upper bounds on the 
genus of curves, Weierstrass Point Theory and Frobenius orders as well as some results 
on maximal curves. 

Convention. The word curve will mean a projective, geometrically irreducible, non- 
singular algebraic curve. 

2.1. Castelnuovo's genus bound and Halphen's theorem. Throughout this sub-section, 
X denotes a curve defined over an algebraically closed field F. Let V be an r- 
dimensional, r > 2, base-point-free linear series of degree d defined on A"; V is assumed 
to be simple, that is A" is birational to 7t{X), where vr denotes a morphism associated 
to V. Castelnuovo showed that the genus of A" is upper bounded by a function 
depending on r and d. More precisely, let e be the unique integer with < e < r — 2 
and d — 1 = e (mod (r — 1)), and define Castelnuovo's number co{d,r) by 

(2.1) Co{d,r):=^-^^^{d-r + e). 

2{r — 1) 

Lemma 2.1. (Castelnuovo's genus bound for curves in projective spaces, 0, p. 
116], H, IV, Thm. 6.4], § Thm. 3.3], |3|, Cor. 2.8]) 

g < co{d,r,e) . 



Remark 2.2. 

- 1 - (r - l)/2)V2(r - 1) for r odd, 

- 1 - (r - 1) /2)2 - 1 /4) /2(r - 1) for r even. 



Curves with genus equal to Castelnuovo's number have several remarkable properties; 
see e.g. 0, [|14|, Ch. 3], @, Ch. 3, Sect. 2]. We will use the following one, which is in 
fact implicitly contained in the proof of Castelnuovo's genus bound taking into account 
the Riemann-Roch theorem; see e.g. p. 361 and Lemma 3.5]. 

Lemma 2.3. Assume g = co{d,r), and define e' by d = m{r — 1) -|- e' with e' e 
{2, . . . ,r}. Ifm> 2., then: 

(1) the dimension of the linear series 2V is 3r — 1; 

(2) there exists a base-point- free {e' —2) -dimensional complete linear series T>' of degree 
(e' — 2)(m + 1) such that (m — 1)T> + V is the canonical linear series. 
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The following theorem going back to Halphen improves Castelnuovo's genus bound for 
certain curves in P'^(F). 

Lemma 2.4. (Halphen's theorem, ||3l| , Thm. 3.1], 0, Thm. 3.13], [^]) Assumed > 7, 
and d = 17 or d > 25 when char{F) > 0. If X is embedded in P^(F), then X lies on 
a quadric surface provided that 

g > ci{d, 3) := [(d^ - 3d + 6)/6j . 



Remark 2.5. For a historical account of Halphen's theorem, see |^3|, p. 349] or Intro- 
duction in |]31[ and [^. The proof in characteristic due to Eisenbud and Harris 
[[14| , Thm. 3.13] depends on the Uniform Position Principle applied to the generic 



hyperplane section of X, and it still works verbatim in positive characteristic. 

Halphen's theorem extends to certain curves in P''(F) for r > 4, and it turns out to 
be very useful when one looks for a bound Ca{d,r) for the genus of a curve of degree 
d in P'^(F) not lying on any irreducible surface of degree less than r + a — 1. For our 
purpose, the smallest case a = 1 is needed: 

Lemma 2.6. (|4|, Thm. 3.22], [||, Cor. 2.8]) Suppose that X is a curve m P^'(F) of 
degree d and genus g. Assume 

{36r ifr<6, 
288 ifr = 7, 
2'"+! z/r>8. 

Then X lies on a surface of degree less than or equal to r — 1 provided that 

(2.2) g>cM.r):= — ^(d - r + ei + 1) + <^ " 

I 1 2/ ei = r — 1 

where e\ is the unique integer such that < ei < r — 1 and d — \ = e\ (mod r). 
Notice that (12.21) for r = 3 coincides with the formula in Lemma E.4L A full account 



of results related to Halphen's theorem is found in the already mentioned |T^, [^, as 
well as in and 0. 

2.2. Weierstrass Point Theory and Frobenius orders. Our reference in this sub-section 
is Stohr-Voloch's paper . Let A" be a curve defined over an algebraically closed field 



F of characteristic p, g its genus, and T) an r-dimensional, r > 1, simple base-point- 
free linear series of degree d defined on X. The {V,P)-order sequence of P G A" is 
the strictly increasing sequence jo{P) = < ji(-P) < . . . < jr(-P) enumerating the set 
{vp{D) : D G P}, with vp{D) being the weight of the divisor D at P, see p. 3]. If 
TT is a morphism associated to V, then 

V = {ti*{H) : H hyperplane in P^(F)} , 



6 



G. KORCHMAROS AND F. TORRES 



and the {V, P)-order sequence consists of all possible intersection numbers of X with 
hyperplanes at P in the usual order whenever X C P''(F). Furthermore, the {V,P)- 



order sequence is the same for all but finitely many points pp. 4-6]. and each of 
the exceptional points is called a V-Weierstrass point of X. According to p. 6], 
there exists a divisor R = Rx, on X , the so-called ramification divisor, with support 
consisting of all P-Weierstrass points of X and degree 

r 

(2.3) deg(i?) = e^(2^7 - 2) + (r + l)d , 

where eo = < ei = 1 < . . . < is the V-order sequence of X , that is the (P, P)-order 
sequence at a general (i.e. a non P-Weierstrass) point P & X . It should be noted 
that the well known Weierstrass points of X appear in this context as the Weierstrass 
points of the canonical linear series on X in which case 

i7(P):=No\{j-(P) + l:^ = 0,...,(?-l} 

is a numerical semigroup whose elements are called Weierstrass non-gaps at P. The 
strictly increasing sequence enumerating H{P) is usually denoted by {mi{P) : i = 
0,1,...). 

A general rule to compute the {V, P)-orders and Vp{R) is given by the following lemma. 



Lemma 2.7. (|T]> P- 5, Thm. 1.5]) 



(1) jt(P) > €i for each P and each i; 

(2) vp{R) > J2l=oijii^) ~ ^«)' '^''^d equality holds if and only if det((-''^^^^)) ^ 
(mod p). 

To every point P E X there is attached the flag of osculating subspaces of P''(F) relative 
to a morphism vr associated to V. For each 0<i<r — 1, the ith osculating space 
Li{P) of A* at P (with respect to vr) is the z-dimensional subspace in P''(F) defined as 
the intersection of all hyperplanes H in P'"(F) satisfying vp{'K*{H)) > jj+i(P). Clearly, 
Lo(P) = {7r(P)} C Li(P) C ... C Lr-iiP). Also, Li{P) is uniquely determined 
by V up to projective equivalence because any two morphisms associated to V are 
projectively equivalent. We will refer to Li{P) and Lr-i(P) as the tangent line and 
osculating hyperplane of X at P, respectively. 

Lemma 2.8. (|^T], Proof of Thm. 1.1]) Let H be a hyperplane in P''(F), and i G 
{0, ... ,r-l}. ThenH^Li{P) if and only if vp{-n*{H)) > ji+i(P). 

In the case where F is the algebraic closure of a finite field F^ with £ elements, and both 
X and T) are defined over F/», one can also define the so-called Fp-Frobenius divisor 



S = Sv/ associated do V, see p. 9], whose degree is given by 

r-l 

(2.4) deg(^) = ^ u,{2g - 2) + {i + r)d , 

1=0 
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where u = < . . . < Vj—i is a suitable subsequence of the P-order sequence Prop. 
2.1]. 



Lemma 2.9. ([|T], Prop. 2.4(a), Cor. 2.6]) 

r 
i=l 

provided that P G X{Fg). In particular ^'(F^) C Supp(5'). 

2.3. Fg2-maximal curves. Throughout this sub-section, X denotes an F^2-maximal 
curve of genus g. Whenever concepts and results apply from previous sub-sections, 
the field F will be the algebraic closure Fg2 of Fg2. A deep result depending on the 
zeta function is the so-called Fundamental Equivalence on divisors |jT5|, Cor. 1.2]: 

(2.5) gP + Fr;t(P)~(g + l)g, PeX, Q G A'(F,2) , 

where Fr^f denotes the Frobenius morphism on X relative to Fg2. As a consequence, 
X is equipped with the base-point-free linear series 



V;,:=\{q + l)Po\, PoeX{F, 



,2 , 



which is independent of the choice of the point Pq in X(Fg2), and has projective 
dimension dim(X';t') at least 2. Note that ( p.5|) is equivalent to 

(2.6) 7r*(L,_i(P)) =gP + Fr;,(P), 

TT being a morphism associated to Vx- Set := dim(X';f). The following result shows 
that X has a non-singular model over Fg2 given by a curve in P^(Fg2) of degree q+1. 

Lemma 2.10. (Natural embedding theorem, ||3^, Thm. 2.5], ||T5| , Prop. 1.9]) The lin- 
ear series Vx is very ample; i.e. any morphism associated to T>x is a close embedding. 
Equivalently, q is a Weierstrass non-gap at any point of X. 

The natural embedding theorem together with Castelnuovo's genus bound (Lemma 
p.l|) and its corollary stated in Remark |2]^ provide a very useful upper bound on the 
genus g of Fg2-maximal curves, namely 



{q-{N - l)/2)V2(iV - 1) for odd A^, 

{q-{N - l)/2f - l/4)/2(A^ - 1) for even A^. 



(2.7) g < 



Corollary 2.11. (1) (H) g<q{q- l)/2; 
(2) (ig. Prop. 3]) //dim(P;,) > 3, then g < {q - 



We point out that Lemma p. 10| together with Corollary |2.11| yields the following lemma 
that strengthens the Riick-Stichtenoth's characterization of the Hermitian curve |^| 
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Lemma 2.12. ([0, Thm. 2.4]) For a Fq2-maximal curve X of genus g, the following 
statements are equivalent: 

{!) g>{q-l)yA; 

(2) dim{Vx) = 2; 

(3) X is Fg2 -isomorphic to the Hermitian curve of equation Y'^Z + Y Z'^ = X'^^^; 

(4) g = qiq-l)/2. 

As a consequence, we have the following result 

Corollary 2.13. (|]TB|) The genus g of a Fg2-maximal curve satisfies either 
g<[iq-lf/A\ or g = q{q-l)/2. 

Remark 2.14. Castelnuovo's number co(g+l, A^) in (|2.1| ) is attained by an Fg2-maximal 
curve in the cases g = — 2,0 (mod (A^ — 1)). The existence of such a curve X is 
strongly related to the existence of a point Pi G X{Fg2) such that m is a Weierstrass 
non-gap at Pi satisfying m(A^ — 1) < g + Since m7v( -Pi) = ? + l andmAr_i(Pi) = q 
by Lemma ^.15| (2), if m is a Weierstrass non-gap at Pi, then m must satisfy m(A^ — 1) > 
q. Hence, property (*) occurs when either m{N — 1) = g + 1 (*i) or m{N — I) = q (*2)- 
The smallest possibilities for A^ are investigated in the sequel, namely A^ = 3 in Sect. 
I while N G {4,5} in Sect. |. 

In case (*i), g = Co(g + l,N) = {q - l)((g + 1)/(A^ - 1) - l)/2 by ^ Remark 
2.6(1)]. There exists just one Fg2 -maximal curve (up to Fg2 -isomorphism) satisfying 
(*i), namely the non-singular Fg2-model of the plane curve of equation y'^ + y = 

^(g+l)/(iV-l) rj.^^ 2.3]. 

In case (*2), 9 = Co(g + 1, A^) = q{q - {N - 1))/2{N - 1) by §7\, Remark 2.6(1)]. van 
der Geer and van der Vlugt, see ||26|, Thm. 3.1] and Remark 5.2], by means of fibre 
product of certain Artin-Schreier p-extensions of the projective line showed that such 



curves do exist. Garcia and Stichtenoth, see pO|, Sect. V, Ex. E], noticed that such 
curves admit a plane model of type 

(2.8) F{y) = fix) , 

where F G Fg2[y] is a p-linear polynomial of degree q/ [N — 1) whose linear coefficient 
is different from zero, and where / G Fg2[X] is a polynomial of degree q + 1. Here 
Pi is the unique point over a; = oo. For A^ — 1 = p, see also p!8| , Ex. 1.2] and 



Prop. 3.5]. Unlike the previous case, several pairwise non Fq2-isomorphic Fq2-maximal 
curves satisfying (*2) are known to exist; see ^ Sect. 5]. It has been conjectured ||15|, 



p. 46] that a plane Fg2-model for a Fq2-maximal curve satisfying (*2) has equation 
of type ( p.8| ) with f{x) = x'^^^. Conversely, the following question arises: Determine 
the polynomials F and / such that such that the plane curve of equation ( p.8|) has an 
Fg2-maximal non-singular model. Examples of such curves arise for instance in [p3| . 
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24|, and Examples of F„2 -maximal curves defined by (p.8|), where either F or f 



are Fg2-rational functions, can be found in and 
Finally, some results on Weierstrass Point Theory and Frobenius orders with respect 



to the linear series V^- With the same notation as in Sect. |2.2| , Lemma p.lO| together 
with ( p.5|) forces the first N non-gaps at P G A" to have the following behaviour: 

(2.9) mi(P) < ... <m^_i(P) =g< mjv(P). 

Furthermore, 

Lemma 2.15. (P, Thm. 1.4, Prop. 1.5(ii)(iii)]) 



(1) ji(P) = 1 for any P; jAr(P) = g + 1 if P G X(Fg2), and j]\f{P) = q otherwise; 

(2) jN^iiP) + mi{P) = q + 1 for i = 0, . . . ,N, provided that P G X{Fg2); 

(3) q — mi{P) is a {T>x, P)-order for i = 0, . . . ,N — 1, provided that P ^ X{Fq2); 

(4) e^v = i^N-i = q; 

(5) ui = 1 zf N > 3. 

Then, we have one of the main features of the linear series P;^, namely 

A'(F,2) CSupp(P^,). 

Lemma 2.16. Let X be a Yq2 -maximal curve of genus g. Set N := dim{I)x)- 

(1) If X is hyperelliptic, then q < 2N — 2. 

(2) The curve X is hyperelliptic provided that either 2n~\{P^ = Jjv(-P) ~ 2 for P G 
X(Fg2), or iN_i{P) = i^^P) — 1 otherwise. 

(3) // there exists P G X{Fq2) with jN-iiP) = jjv(^) - 1, then q = N -I. 



Proof. If X is hyperelliptic, mi(P) = (7 + 1 at a general point P. Then from (|2.9| ), 
mN-i{P) = g + N — l = q and so g = q — N + 1. On the other hand #A'(Fq2) < 
2(g^ + 1) and maximality of X yields 2g < q. From these computations (1) follows. 



Let P G X(¥g2) such that jjv-i(P) G {g — l,q}. Then from Lemma |2.15| (2) we have 
mi(P) G {2,1} and so either X is hyperelliptic or = N = q + 1. Finally, let 
P ^X{Fg2) such that j^_i(P) = q-1. Then from (gj), {q-l)P + D ~ gP + Fr;^(P) 
with P ^ Supp(P'), so that D ~ P + Fr;t-(^); i-e. A" is hyperelliptic. □ 

Lemma 2.17. Let X be a Fg2-maximal curve so that j]y_i{P) = N — 1 for every point 
P E X , where N = dim(P;t')- Then 

^N-l)N{g-l) = {q + l){q-N). 

Proof. The set of "D^f- Weierstrass points of X coincides with the set of Fq2-rational 
points, and vp{Rdx) = 1 for P G X(Fg2); cf. Lemmas p.l5| (l), Hence the result 
follows from ( |2.3| ) taking into account the maximality of A". □ 



10 g. korchmaros and f. torres 

3. On maximal curves embedded in a quadric surface 

The Riick-Stichtenoth theorem together with |l7, Thm. 2.4], stated in the previous 
section as Lemma |2.12| , gives a complete classification of Fg2-maximal curves of genus 
g > {q — 1)^/4. The objective of this section is to obtain a similar theorem valid for 
(g^ — g + 4)/6 < (7 < (g — 1)^/4. Notation and terminology are the same as in Sect. 0. 

Theorem 3.1. Let X be a Yqz-maximal curve of genus g, and vr a Fg2 -morphism 
associated to T>x- Assume q > 7. Then the following conditons are equivalent: 

(1) L(g2-g + 4)/6j L(g-i)V4j; 

(2) dim{Vx) = 3, vr(A') lies on a quadric surface in P^, and g ^ (g^ — 2g + 3)/6 
whenever g = 3, 5 (mod 6); 

(3) dim(T';t') = 3, dim(2X>;k') = 8, and g ^ {q^ — 2g + 3)/6 whenever g = 3, 5 (mod 6); 

(4) dim(T';t') = 3 and there exists P G XiY^i) such that j2{P) = (g+ l)/2 if q is odd, 
or j2{P) = (g + 2)/2 otherwise; 

(5) X is Fq2 -isomorphic to the non-singular Fq2 -model of either y'^ + y = x'-'^^^-'/^ if q 
is odd, or y'^/'^ + y'^/^ + . . . + + y = x'^^^ otherwise. 

(6) g = {q — 1)^/4 if q is odd or g = q{q — 2)/4 otherwise. In particular the genus g 
equals Castelnuovo's number co(g + 1,3). 

Under stronger hypotheses, this theorem was partially proved in |1T7| , Prop. 2.5] for g 
odd, and in [0 for g even. 

Remark 3.2. For g = 2,3,4,5 the spectrum of the genera of Fg2-maximal curves is 
{0, 1}, {0, 1, 3}, {0, 1, 2, 6}, {0, 1, 2, 3, 4, 10}, respectively; see [P, Remark 6.1]. 

From Theorem and Remark |3.2| , Corollary 2.13 can be strengthen as follows: 
Corollary 3.3. The genus g of a Y^i-maximal curve satisfies either 

g<[{q^-q + ^)/Q\ or g = or g = {q-l)q/2. 

Remark 3.4. Fg2-maximal curves of genus [(g^ — g + 4)/6j do exist as the following 
examples show, see [^, |]13|, Thm. 2.1]: 

(i) If g = 2 (mod 3), the non-singular Fg2-model of x^'^+^^Z^) + x^^'^+^^Z^ + = is 
Fg2-maximal and has genus (g^ — g + 4)/6. 

(ii) If g = 1 (mod 3), the non-singular F52-model of y'^ — yx'^^''~^^^^ + x^'^~^^^^ = is 
Fq2-maximal and has genus (g^ — g)/6. 

(iii) If g = = (mod 3), the non-singular Fg2-model of y'^ + y + (Xl!=i x'^^^')'^ = 
is Fg2-maximal and has genus (g^ — g)/6. 

It may be that no further infinite family exists. Also, each of the above curves is F^2- 
covered by the Hermitian curve via a suitable morphism of degree 3, and it would be 
of interest to prove or disprove uniqueness of some (perhaps all) of these examples. 
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Remark 3.5. In searching quantitative results for the number of F^-rational points of 
a curve of genus g, the maximum number N^{g) of F^-rational points on such curves 
play an important role; see e.g. |2^. Corollary ^]3| excludes certain values for N^ii^g) 
whenever (g^ - g + 4)/6 < g < (g - 1)^/4 or (g - 1)^/4 < g < q{q - l)/2. More 
precisely, for such values of g, we have Nqi^g) < g^ + 1 + 2qg. A similar resuly follows 
from Theorem [4.5|(a). Hence from deeper results due to J. P. Serre and K. Lauter one 



can deduce Nq2(g) < g^ + 1 + 2qg — m, where m G {1,2,3}, cf. [^. One can also 
obtain improvements on some entries in the tables of loc. cit. For instance, we have 
A^64(ll) < 238, Nsi{13) < 314, N8i{l5) < 350, while the upper bounds in the tables 
are respectively 241, 316, 352. It should be noted that the above considerations will 
extend to a more general case, once the conjecture stated in the introduction has been 
proved. 



In proving Theorem |3.1| , we will need some technical results concerning Fg2-maximal 
X with dim{Vx) = 3. 

Lemma 3.6. Let X be a Yq2-maximal curve with dimiVx) = 3, and tt a Yqi-morphism 
associated to T>x- Assume g > 4. 

(1) dim(2r';t) > 8. 

(2) If dim{2Vx) = 8, then tt{X) lies on a quadric surface in P^(Fq2). 

(3) The quadric surface Q in part (2) is uniquely determinated by the property 7t{X) C 
Q, and it is defined over ¥^2. 



Proof. (1) Let P G X(Fg2) and set rrii := mi{P). From Lemma |2.15| (2), m2 = g and 



ms = g + 1. Then, as 2mi > m2 = q and g > 4, it is easy to see that there are at least 
8 positive Weierstrass non-gaps in [mi, 2777.3] and so dim(2PA') > 8. 

(2) See [0, p. 352]. 

(3) If 7r(A') lies on Q, then tt{X) also lies on Fr(Q), where Fr is the Frobenius collina- 
tion on P^(Fg2) relative to ¥^2. Clearly Q = Fr(Q) if and only if Q is defined over Fg2. 
It this were not the case in our situation, then X would be contained in the intersection 
of two distinct quadrics, contradicting the hypothesis g + 1 = deg(7r(A:')) < 4 by the 
Bezout theorem. □ 

Lemma 3.7. Let X be a Fg2 -maximal curve with dim{Vx) = 3, tc a morphism asso- 
ciated to Vx, and P E X . Suppose that ti{X) lies on a quadric surface Q in P^(Fg2), 
and that g > 5. Then 

(1) j2(P)e{2,j3(P)/2,(j3(P) + l)/2}; 

(2) j2{P) > if and only if the tangent line Li{P) of X at P lies on Q; 

(3) either q is even, j2(-P) = Q'/2 and P ^ X(Fq2) or q is odd, j2{P) = {q + l)/2 and 
P G X{Fg2) provided that j2{P) > 2 and that Q is non-singular at vr(P). 
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Proof. Set ji := ji{P), i = 0, . . . ,3. Let Xq = 1, Xi, X2, X3 be Fg2-rational functions on 
X, such that fp(xj) = ji. Up to a projective colhneation in P^(F^2), we can assume 
71 = (xo : Xi : X2 : X3). Let {Xq, . . . jXs) be coordinates in P^(Fg2) such that each Xi 
is the pull-back via vr of X^/Xq restricted to 7r(A'). Then vr(P) = (1:0:0:0) and 
Li(P) is given by X2 = X3 = 0; see proof of Thm. 1.1]. Let the quadric Q have 
homogeneous equation 

-^(^0; -^1; X2, X3) = + c^oi-^o-^i + cto2-^o-^2 + cbQsXoX^ + aiiX'^ + 012X1X2 + 

013X1X3 + 022X2 + 023X2X3 + 033X1 . 

Then oqo = because of F(7r(P)) = 0. Furthermore, Xi,X2 and X3 are related in the 
function field over Fg2 of X by F(l, xi, X2, X3) = 0. In addition, the valuation at P of 
the functions respectively 

(3. 1) 1, J2, J3, 2, J2 + 1, J3 + 1, 2j2, J3 + J2, 2j3 • 

Hence, oqi = 0. 

(1) J2 + 1 < J3 by Lemma ^.l(j| and the hypothesis g > 5. So from the inequalities 

2 < J2 < J2 + 1< J3 < J3 + K J3 + J2 < 2j3 

and ( |3.1D we obtain part (1). 

(2) We have from that j2 > 2 if and only if on = 0. Now, as F(Xo,Xi,0,0) = 
OiiXf, the last condition is equivalent to Li{P) C Q and the result follows. 

(3) If i2 > 2, from the proof of part (1) we get on = 002 = 012 = 0. An easy 
computation shows then that Q is non-singular at '/r(P) if and only if O03 7^ 0. Therefore 
2^2 = is, and the result follows from Lemma |2.15| (1). □ 



Proposition 3.8. Let X be a Yq2-maximal curve and vr a Fq2-morphism associated to 
Suppose that q is even, q 

Then 



Vx- Suppose that q is even, q > A, and that t[{X) lies on a quadric Q in P^(Fq2). 



(1) Q is a cone; 

(2) the vertex V of Q belongs to n{X); zf V = tt{V), then V G A'(Fg2) and j2iV) = 
(g + 2)/2. 

Proof. General properties of quadrics of a 3-dimensional projective space over a finite 
field can be found in [^]. Here we will use the following properties: Let P G Q be a 



non-singular point of Q and denote by TpQ the tangent plane of Q at P. 

• If P G tt{X), then TpQ D Li(P); 

• Let i and £1 be lines such that P G £ C Q, and £1 C TpQ. U i ^ h, then TpQ is 
generated by i and £1, 

• There exist lines £ and ii such that P e in ii, and QnTpQ = lU ii, 
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If Q is non-singular, then 

• No two tangent hyperplanes of Q, at different points coincide. 



To simplify our notation we shall identify X and vr(A:'), according to Lemma 2.10 . 

(1) Since X is non-degenerate, Q, is irreducible. Then Q is a cone if and only if Q, is 
singular, as this case can only occur when Q has just one singular point. 

Suppose that Q is non-singular. Then from Lemma |3.7| (3), jiiff) = 2 for each Q e 
X(Fg2). Note that there exists P ^ X \ X(Fg2) such that j2{P) > 2; in fact, otherwise 



Lemma |2.17| would yield Q{g — 1) = (g -|- l)(g — 3); but then q would be odd, a 



contradiction. Hence j2(-P) = Q'/2 by Lemma ^]^(3). Let Qi G X(Fg2). We have 
Qi ^ Li(P), as A" n Li(P) C Xn L2{P) = {P,Fr;^(P)} (cf. {^), and hence the 
plane H = Hq^ generated by Li{P) and Qi is well defined. Then H ^ L2{P), and the 
intersection divisor of X and H becomes 

(3.2) X-H=^P + D, 

where D = Dq^ is a divisor on X of degree (g + 2)/2 with Qi G Supp(D), and 
P ^ Supp(-D). In addition, Lemma pr7|(2) assures the existence of a line £ = Iq^ such 
that 

(3.3) QnH = Li{P)Ul. 



Actually, the line £ is defined over Fg2. In fact, Q is defined over Fg2 by Lemma [3.61 (3), 
and Qi G X{¥q2) \ Li{P) implies that Qi G I. 

Claim 1. Xr]l(Z X{¥q2). 

Proof of Claim ||. If there exists Q G A" n £ \ X{Yq2), then Yyx{Q) G ^ as £ is defined 
over Fg2. Thus (i C L2(Q), and hence £n A" C {g, Yyx{Q)}. It follows Qi ^ £, but this 
is a contradiction. 

aazm 2. If Q G Supp(P') \ {Frx{P)}, then Q G A'(Fg2) and Wq(P)) = 1. 

Proof of Claim |. Since Supp(P)) \ {Frx{P)} cenX,we have Q G A'(Fg2) by Claim 
Now if vq{D) > 2, then if D Li(Q) by j2(<5) = 2 and Lemma IJ. Also, i ^ Li{Q) 
because Li{Q) ^ Q by Lemma |3r^(2). Therefore the plane H is generated by the 
lines i and Li{Q), and hence H = Tq^Q. Let £i be the line defined by Qi G £i, and 
g n Tq, Q = £ n £i. From (U), we infer that Li(P) = and so Qi G Li(P), but this 
is a contradiction. 

Claim 3. Fr;t(P) ^ Supp(P)). 

Proof of Claim Suppose on the contrary that Yyx^P) G Supp(D). Equivalently, 
Fr;t'(P) G Li{P) by Claim |l|. Then wpr^(p)(D) = 1. In fact, using a similar argument 
to that in the proof the previous claim, one can show that v-prx{p){D) ^ 1 together with 
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Li{P) 7^ LiCFrxiP)) implies H = Tfj.x{p)Q i^i contradiction with (|2^). Hence, for 
each Q G X(Fg2), the divisor D in ( p.2|) may also be written as D = Dq = Frx{P)+DQ 
in such a way that ( |3.3| ) holds true, Supp(Dq) C X(Fg2), and deg(DQ) = q/2. Notice 
that Hq is generated by Li{P) and Q' (*) where Q' is any point of Supp(Dq). Now 
let Qi,Q2 e X(Fg2) such that Q2 ^ Supp(D^J. Then Supp(L'^J n Supp(D^J = 0, 
otherwise ifg^ = Hq^ by (*). This yields that q/2 must divide the number of Fg2- 
rational points of X, which is a contradiction because ^X(Fg2) = + 1 + 2gq is an 
odd number. 

So far we have shown that each Qi G X(Fg2) gives rise to a plane Hq^, to a line i = £q^, 
and to a divisor D = Dq^ such that (|3.2| ) and (|3.3|) hold with D = Qi+Q2+- ■ ■+Q{q+2)/2 
being the sum of (g + 2)/2 Fq2-rational points. Notice that Supp(D) = X n i. Let ii 
be chosen in such a way that Qi G £1 and that 

(3.4) QnTQ,Q = £u£i. 

Clearly, ii is Fq2-rational, and thus X (1 ii X{Fg2) as in the proof of Claim |I|. 
Therefore 

(3.5) X-Tq,Q = 2Q, + Q2 + ... + g(,+2)/2 + D' , 

where D' is a divisor on X of degree (g — 2)/2 such that Qi ^ Supp(D') C X{Fg2). 
Claim 4. Supp(D) n Supp(L'') = 0, and vs{D') = 1 for each S G Supp(L'')- 



Proof of Claim^. Let 5* G Supp(il''). Suppose on the contrary that S = Qi for some 
i. Then Tq^Q contains Li{Qi) which is different from i as j2{Qi) = 2. Hence Tq^Q is 
generated by Li{Qi) and i. These lines also generate Tq-Q and so i = 1 contradicting 
Qi^Supp(D'). 

Finally suppose on the contrary that vs{D2) > 2. Replacing £ by £1, the above argu- 
ment shows that TsQ = Tq^Q, whence S = Qi follows, again a contradiction. 

Therefore, to each Qi we have associated two lines i and ii such that both ( p.4|) 
and (|3.5|) hold where D' is a divisor of degree (g — 2)/2, Supp(il'') C X(Fg2), and 
Supp(D) n Supp(D') = {Qi}. As it is well-known, Q has just two families of lines 
contained in Q and any two lines of the same family are disjoint. This implies again 
that ^X(Fg2) must be a multiple of g/2, contradicting the Fg2-maximality of X. 

(2) As g is even, from Lemma |2.17| there exists P E X such that j2(-P) > 2. Suppose 
that P ^ X{¥g2). FTomj2{P)P+D ~ (g + l)Po, we find that j2(i^)Fr;t(i^) +Fr;t(^) ~ 
(g+l)Poandsoj2(Fr;r(i')) = J2{P) > 2. Therefore Li(P)ULi(Fr;r(P) ^ Q by Lemma 
P?7|(2), and hence V G Li{P) fl Li{¥y x{P)) ■ Now, since V is Fq2-rational by Lemma 
P^(3), we have Fr;f(P) 7^ V, and hence Li(Fr;f(P)) is generated by Fr;f(P) and V] 
in particular Li{Yyx{P)) C L2(P) and thus 1 = VYr^(p){X ■ L2{P)) > j2{Frx{P)) by 
Lemma |2.8| , a contradiction. 
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Therefore P must be Fg2-rational and hence Q must have a singularity at P by Lemma 
P?7|(3). Then P = V and j2{P) = + 2)/2 by Lemma and the assumption of q 

being even. □ 

Proof of Theorem \3.]\ . (1)^(2) : From the hypothesis on g, dim{Vx) = 3 follows by 
(|2.7|) and Lemma p.l2| . Since ci(g + 1, 3) in Lemma ^]4| is equal to [(g^ — g + 4)/6j , 



that lemma together with Lemma p. 10| shows that vr(A') lies on a quadric provided that 
q ^ {7,8,9,11,13,17,19,23}. 

Assume g = 8. Then g > (g^ — g+4)/6 = 10. By virtue of Lemma |3.6| (1)(2), it is enough 
to show that dim{2T>x) < 8. Suppose on the contrary that dim(2'E';f) > 9. Then from 
Lemma |2.1| and Remark |2.2| , g < (g — l)(g — 2)/4 = 10.5 follows, a contradiction. 

Now, let g be odd, g > 7. Our goal is to show that the second positive P^-order €2 



(see sections |2.2| , p.3|) is equal to two. In fact, if this is the case, then the Generic 
Order of Contact Theorem |^4|, Thm. 3.5] yields that the curve X (that is vr(A') by 
previous identification) is reflexive. Refiexivity forces the monodromy group of X to 
be isomorphic to the symmetric group S^+i, see ([0, p. 264], ||38|, Cor. 2.2]). Hence 



the points of a general hyperplane section of X lie in uniform position Cor. 1. 



Then Lemma |2.4| holds true; see Remark 2.5 



Suppose on the contrary that £2 > 2. Let S be the Fg2-Frobenius divisor associated to 
Vx. From Lemmas ^l), |27[5|(4)(5), vp{S) > £2 + 1 > 4 for any P G A'(Fg2). 
Then by (|3) and the Fg2-maximality of X, (3g - 1)(2^ - 2) < (g + l)(g2 - 4g - 1). 
On the other hand, 2g — 2 > (g + l)(g — 2)/3 by hypothesis, and thus 5g + 5 < 0, a 
contradiction. 

(3) ^(2) : This follows from Lemma p.6| (2). 

(2)^(4) : Let g be odd. There exists P E X such that j2(-P) > 2, otherwise g would be 
equal to (g^ — 2g + 3)/6 by Lemma p.l7| . If such a point P E X should not be in X(Fg2), 
then by Lemma |37^ (3) both P and Frx{P) would be singular points of the quadric, a 
contradiction. Therefore P G X{Fq2) and hence j2(-P) = {q + l)/2 by Lemma |3.7| (1). 
If g is even, the result follows from Proposition |3.8| (2). 

(4) ^(5) : From Lemma |2.15| (2) and the hypothesis, mi(P) = (g + l)/2 for g is odd. 



and mi(P) = g/2 for g even. In the odd case, (dim(X>;f) — l)mi(P) = g + 1, and (5) 
follows from |T^, Thm. 2.3]. In the even case, {dim{Vx) — l)mi(P) = g, and hence 
g = q{q — 2)/4 by P7| , Remark 2.6(1)]. Then (5) follows from the main result in |]^. 

The imphcations (5)^(6), (6)^(1), and (5)^(3) are trivial. 

4. On Fq2-MAXIMAL CURVES WHOSE GENUS EQUALS CaSTELNUOVO'S NUMBER 



In this section we investigate certain Fg2-maximal curves whose genus equals Casteln- 
uovo's number Co(g + 1, A^) for N G {4, 5}. 
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4.1. The case g = 1,2 (mod 3). The main result is Theorem |4.5| which provides a 
complete description of Fg2-maximal curves of genus g = (g — l)(g — 2)/6, q = 1,2 
(mod 3), q > 11: Such Fq2-maximal curves can only exist for q = 2 (mod 3), and they 
are Fq2-isomorphic to the non-singular Fg2-model of the plane curve of equation 

(4.1) + y = 

To do this let X denote an Fq2-maximal curve of genus g = (g — l)(g — 2)/6 with 
g = 1,2 (mod 3), equipped with the linear series Vx as defined before. The first step 
is to compute the dimension of Vx- 

Lemma 4.1. dim{Vx) = 4. In particular, g = co(g + 1,4). 

Proof. From (|2.7|) and Lemma |2.12| , dim{T>x) € {3,4}. Suppose on the contrary that 
dim{Vx) = 3. If es = 2, (^) becomes deg(i?) = (3 + g)(2^ - 2) + 4(g + 1), while F,2- 
maximality of X implies deg(i?) > g^ + 1 + 2gq as Vp{R) > 1 for every P G Fg2[X). 
But then g > (g^ — 2g + 3)/6 contradicting the hypothesis on g. If €2 > 2, then 
€2 > 5 by the p-adic criteriom [^, Cor. 1.9] and g ^ (mod 3). Replacing the 
ramification divisor R by the Frobenius divisor 5* in the previous argument yields again 
a contradiction. In fact, ( p.4|) reads currently deg(5') = {l + q){2g — 2) + (g^ + 3)(g + 1), 
while deg(S') > (g^ + 1 + 2gq){e2 + 1) by the Fq2-maximality of X and the lower bound 



vp{S) > 62 + 1 for P G Fq2(A') which has been shown in the proof of Theorem 
Taking €2 > 5 into account, this gives (5g — l){2g — 2) < (g + l)(g^ — 6g — 3), whence 
2g^ — 3g + 13 < follows for = (g — l)(g — 2)/6; a contradiction. □ 

We take advantage of the current hypothesis that the genus of X is equal to Casteln- 
uovo's number Co(g + 1, 4) by means of Lemma p.3| (l). Indeed, this lemma implies that 
dim{2T>x) = 11 which allows to compute the possibilities for {Vx, P)-OTdeTs. To show 
how to do this, set ji = ji{P) and denote by Ep the set of {2Vx, P)-orders. Then Sp 
contains both the following sets Ei and E2: 

(4.2) El : = {0,1,2,J3,J4,J4 + 1,J4+J2,J4+J3,2J4} 

S2 :={j2, j2 + 1, is + 1, 2j2, is + J2, 2j3} , 
where J4 = g + 1 for P G X(Fg2), and = q otherwise (cf. Lemma |2.15| (1)). 



Lemma 4.2. Let X be a Yqi-maximal curve and P E X a point with j2{P) = 2. If 
dim{Vx) = 4, dim(2P;^) = 11, and q>9, then j3(P) = 3. 



Proof. The hypothesis on g together with Lemma p.l6| implies that 



(4.3) js < j4 - 2 for P G Af(Fg2) and js < ^4 - 1 otherwise . 

Suppose jg > 3. If P G X{Fg2), from and (g^) 

Ep = EiU{3,j3 + l,j3 + 2}, 
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and 2j2,2j3 G Sp. Thus J3 = 2j2 = 4 so that 2j3 = 8 = ^4 = g + 1; i.e. q = 7. If 



P ^ X{Fg2) and ja > 4, from and ( ^I3D we have 

Ep = SiU{3,4,j3 + l}, 

and (j3 + 2, 2J3) G {(g, g + 1), (g, g + 2), (g + 1, g + 2). Then < 4, a contradiction. 
Finally, if P ^ X{Fg2) and J3 = 4, then together with gives 

Ep = Si U {3,5,6,8}. 

Hence J4 = g = 8, and this completes the proof. □ 

The previous lemma together with Lemma ^.17| gives the following result. 

Corollary 4.3. Let X be a Yq2-maximal curve such that dAm.{T>x) = 4 and 
dim(2P;f) = 11- Assume g > 9. If j2{P) = 2 for any P E X, then g = 1,2 (mod 3) 
and g = {q^ - 3g + 8)/12. 

Now, we investigate the case j2{P) > 2 for some P E X. 

Lemma 4.4. Let X be a Fq2 -maximal curve and P E X a point with j2{P) > 2. 
Suppose that dim(T';t') = 4, dim(2P;t') = 11, and that g > 7. 

(1) If P E X{Fg2) and g > {q — 2)g/8 for q even, then either g = 2 (mod 3),j2{P) = 
(g + l)/3,UP) = (2g + 2)/3; or q = (mod 3), j2(P) = (q + 3)/3, j3(i^) = 
(2g + 3)/3; 

(2) IfP^ X{Fg2), then either q = 1 (mod 3),j2(P) = (g + 2)/3, j3(i') = (2g + l)/3; 
orq = (mod 3),j2{P) = q/S,UP) = 2g/3; or q is odd, j2{P) = (g - l)/2, 
j3(P) = (g + l)/2; or q is even, j2{P) = q/2,UP) = (g + 2)/2. 

Proof. Suppose first that > j2 + I- According to ([4.2|) and ( ^^ we have only three 
possibilities, namely 

Sp = SiU{j2,j2 + l,j3 + l}, 

and (j3 + j2, 2j3) e {{jiji + 1), UaJa + ^2), (j4 + 1, 74 + j2)}- The first one cannot 
actually occur by js ^ j2 + l; from the second one J4 = (mod 3), 72 = j4/3, ^3 = 2j4/3 
follow, while the third one gives = 1 (mod 3), j2 = (j4 + 2)/3, and = (2j4 + l)/3. 

Suppose next that js = j2 + l- Then 2j2 ^ {js, js + l} by j2 > 2. Moreover, 2j2 7^ j4 + l; 
otherwise j2 = {j^ + l)/2, js = (j4 + 3)/2 and from ( [4.2|) and ( |4.3| ) we would have 

Sp = SiU{j2,j3 + l,j4 + 2,j4 + 3} 

which implies J4+J2 = j4+3; whence j4 = 5 and so g < 5. If 2^2 = J4, then P ^ X(Fg2)] 
otherwise js = (g + 3)/2 and hence mi = (g — l)/2 by Lemma p.l5K 2), and this would 
imply dim(r';t') > 5. Finally, assume that 2^2 ^ {js, js + 1, j4, j4 + 1}. Then from ( |4.2|) 
and (U) 

Sp = {j2, is + l,2j2} , 
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and j3 + j2 e {j4, J4 + !}• If js + 32 = J4 + 1, then 2j2 = J4, whence js + ja = J4- Then 
j2 = (j4 — l)/2 and J3 = (j4 + l)/2. We claim that P ^ X{Fq2). In fact, otherwise 
j2 = Q'/2, js = (q' + 2)/2 and hence mi = g/2, m2 = (q' + 2)/2 by Lemma [2.15| (2) which 
yields g < (g — 2)g/8, a contradiction. □ 

Theorem 4.5. Assume g > 11. 

(1) If q = 1 (mod 3), t/iere zs no Fg2-maximal curve of genus {q — l)(g — 2)/6. 

(2) If q = 2 (mod 3), the following statements are equivalent for a Fq2 -maximal curve 
X of genus g : 

(a) (7 = (g-l)(g-2)/6; 

(b) 3P G A'(F,2), 3m G //(P) such that 3m = g + 1; 

(c) X is Fg2 -isomorphic to the non-singular Fg2-model of the curve ( |4.1| ). 

Proof. (1) Suppose on the contrary that X is an F^2-maximal curve of genus g = 
{q — l)(g — 2)/3 with q = 1 (mod 3). Since q + 1 = ■ 3 + 2, we have g = co(g + 1, 3) 
by Lemma |4?T| . Hence, Lemma implies that dim(2D^) = 11 and that ^^Vx is the 
canonical linear series on X. Then 

(4.4) aiii . . . a(g-4)/3^(g-4)/3 + 1 ^ H{P) , 

where the ij's are (P^t", -P)-orders, and the a/s are non-negative integers such that 
Ylj^j — (Q' ^ 4)/3. We choose then P & X with j2{P) > 2 according to Corollary 
[4.3| . By Lemma [4.4| , P ^ A:'(Fg2). Thus, we have to analyze three cases. As before, 
rrii = mi{P) stands for the ith Weierstrass non-gap at P. Recall that ms = g by ( p.9|) ). 

Case 1: j2{P) = {q + 2)/3, jsiP) = (2g+l)/3. From Lemma |1|(3), {g-m2,g-mi} C 
{1, (g-|-2)/3, (2g+l)/3}. We have that g— mi = (g-|-2)/3, since otherwise mi = (g— 1)/3 
and hence g > m^, a contradiction. Thus mi = (2g — 2)/3. However this leads again to 
a contradiction since, by (^I^) , (g — 7)/3 + (g + 2)/3 + 1 = (2g — 2)/3 does not belong 
to H{P). 

Case 2: g odd, j2{P) = (g - l)/2, j3(P) = (g + l)/2. From (U), 2j2(P) + 1 = g does 
not belong to H{P), a contradiction. 

Case 3: g even, j2{P) = q/'^^j^^P) = {l + 2)/2. Arguing as in Case 1 we have either 
mi = g/2 — 1 or mi = g/2. In the former case, g — 2 G H{P) and thus Lemma |2.15| (3) 
implies J2(-P) = 2. Since this is not admitted currently, the latter case can only occur. 
Then mi = g/2 and m2 = g — 1. Now, as dim(2D;t') = H, from ( p.5|) mg = 2g follows. 
Since a similar result to Lemma |2.15| (3) holds, namely 2g — m^ is a {2Vx, P)-order for 
i = 0, . . . ,9, and the set of {2Vx, P)-orders is 

{0, 1, 2, g/2, (g + 2)/2, (g + 4)/2, g, g + 1, g + 2, 3g/2, 3g/2, 2g} , 

we conclude that 2g — = g/2 + 2; whence = 3g/2 — 2. Finally from ( |4.4| ), 
£ ■= 2^ (g/2 + 1) + 1 ^ H{P). On the other hand, i = + ^m2 G H{P), a 
contradiction. 
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(2) (a)^(b) : In virtue of Lemma we have g = Co{q + 1,4). By g + 1 = ^ -3 + 3, 
Lemma |2.3| shows that dim(2P;f ) = 11 and that ^^Vx + T>' is the canonical hnear 
series, where V is a base-point-free 1-dimensional hnear series of degree {q + l)/3. 
Let P E X and assume j2{P) > 2 according to Corollary ^^3] . If P G X(Fq2), from 
Lemma ^^(1) the result follows. Otherwise, P ^ X{Fg2), and we have two possibilities 
according as q is odd or even (Lemma |4.4| (2)). 

Case 1: q is odd j2{P) = {q - l)/2, j3(P) = {q + l)/2. A similar property to ( ^ 
holds, namely 5 + 1 ^ H{P) for any {^^'Dx-, P)-order 5. Hence 2j2{P) = 1 = g is not 
in H{P), a contradiction. 

Case 2: q is even, j2{P) = q'/2, jsi^P) = (g + 2)/2. From the Case 3 in the proof of 
part (1), we have mi = q/2. Notice that the degree (g + l)/3 of the above linear series 
V is coprime to mi. Then by the well known Riemann's inequality for the genus g 
applied to V and the linear series corresponding to mi we obtain g < {q — 2)^/6, a 
contradiction. 



The implication (b)^(c) is a special case of |15, Thm. 2.3] while (c)^(a) is trivial. □ 



4.2. The case of (g — l)(g — 3)/8, q odd. The main result is Theorem |4.9| which is 
analogous to Theorem [4.5| . It states that for p > 5 and q large enough, the non- 
singular Fg2-model of the curve of equation 

(4.5) y'' + y = x^'^+^^/\ q = 3 (mod 4) , 
together with the Fermat curve of degree {q + l)/2 

(4.6) a;('?+l)/2+^(<^+l)/2 + l = 0. 

are the unique Fg2-maximal curves of genus g = (g — l)(g — 3)/8 provided that 
dim(D;^) = 5 holds. The extra-condition on dim{Vx) is assumed since the argu- 
ment in Lemma [4.1| only proves that dim(T';f) G {4,5}. Then g = co(g + 1,5), and 
once again we take advantage of the hypothesis on the genus by means of Lemma |2.3|. 



The above two curves are in fact not isomorphic even over Fq2; see IjTT], Remark 4.1]. 
The curve in ( |4.6| ) was characterized in [jll| as the unique (up to Fq2 -isomorphism) 
plane Fg2-maximal curve of degree (g + l)/2 provided that g is odd and g > 11. 

As dim(2D;t') = 14 by Lemma [2.3| (1), we are able again to compute the possibilities 
for the sequence of {'Dx, P)-orders for P E X. The proofs of the following two results 
will be omited since they are similar to those of Lemmas f4.2| , [4.4| , and Corollary [4.3| . 
By Lemma pJ[5|(l) ji(P) = 1 and either j5(P) = g + 1 if P e X{Fg2), or j5(P) = g 
otherwise. 

Lemma 4.6. Let X be a Fq2-maximal curve and P E X. Assume that (\\m.{T>x) = 
5, diYa{2Vx) = 14, and that q > 11. 
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(1) //j3(P) = 3, then UP) =4. 

(2) Let j2{P) = 2 but j3(P) > 3. If P e X{Fg2), then q is odd, j^{P) = (g + l)/2, 
and ii{P) = (g + 3)/2. If P ^ ^(Fg2), then q is even, jsiP) = g/2, and ji{P) = 
(g + 2)/2. 

(3) Let P e A'(Fq2) and j2{P) > 2. Assume g > (q - 2)79 g = 2 (mod 3) and g > 
{q-3)q/9 if q = (mod 3). Then either q = 3 (mod 4), j2(i^) = (g+l)/4, j3(P) = 
2(g + 1)/4,UP) = 3{q + l)/4, or q = (mod 4), j2(P) = (g + 4)/4, j3(i') = 
(2g + 4)/4,j4(P) = (3g + 4)/4. 

(4) Let P ^ X{Fq2) and j2{P) > 2. Then either q = 1 (mod 4), j2(P) = (q + 3)/4, 
j3(P) = (2g + 2)/4, j4(P) = (3g + l)/4, or g = (mod 4), ^P) = g/4, ^P) = 
2g/4, j4(P) = 3g/4, or q = 1 (mod 3), j2(P) = (g - l)/3, j3(P) = (g + 2)/3, 
MP) = (2g + l)/3, orq = (mod 3), j2(P) = g/3, j3(P) = (g + 3)/3, 2g/3. 



Corollary 4.7. Let X be a Fq2-maximal curve of genus g. Assume that dim(T';t') = 5, 
dim(2r';f) = 14, and that g > 11. If j^i^P) = 3 for every P & X, then g = 0, 4 (mod 5) 
and g = {q^ -Aq+ 15)/20. 



Corollary 4.8. Let X be a Fq2-maximal curve of genus (g — l)(g — 3)/8 with q odd. 
Assume dim{Vx) = 5 and g > 11. Then: 

(1) X is Fq2 -isomorphic to the non-singular Fq2-model of ( jj-Sj ) if and only if there 
exists P e X{Fq2) with i2{P) > 2; 

(2) X is Fq2 -isomorphic to ([j.dj if and only if there exists P E X{Fq2) with j2{P) = 2, 
and UP) > 3. 



Proof. (1) Let P be the unique point over x = oo. It is straightforward to check that 
mz{P) = 3(g + l)/4. Hence j2{P) = (g + l)/4 by Lemma p.l5| (2). Conversely, from 
Lemma ^^ (3) we have j4(P) = 3(g+l)/4 and so mi(P) = (g + l)/4 by Lemma ^.15| (3). 
Now, the result follows from [|l^, Thm. 2.3]. 



(2) We have Vx = 2X>, where V is the linear series cut out by lines on X ([[IT], Thm. 



3.5]) and hence every Fg2-rational inflexion point P ([|rT|, Lemma 3.6]) satisfies both 
J2(-P) = 2 and j3(-P) > 3. Conversely, from Lemmas |4.6| (2), p.l5| (2) we obtain both 
mi(P) = (g — l)/2 and m2(P) = (g + l)/2. Hence the result from [|1T], Thm. 1.1]. □ 



Theorem 4.9. Let X be a Fqi -maximal curve of genus = (g — l)(g — 3)/8 with q 
odd. Assume dim('D;f) = 5, and p > 5. 

(1) Ifq = 1 (mod 4) and q > 17, then X is Fq2 -isomorphic to the Fermat curve ( U-(\ )- 

(2) // g = 3 (mod 4) and q > 19, then X is Fq2 -isomorphic to either ( |^.6[ ) or the 
non-singular Fq2-model of( \4.^ . 
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Proof. We have already observed that g = 00(^ + 1,5) and thus dim[2T>x) = 14. In 
particular, by Corollary [4.7| there exists P G A* with j^iP) > 3. 

(1) Let g = 1 (mod 4). If P G X(Fg2), then Lemma p|(2)(3) yields j2{P) = 2 and 
the result follows from Corollary [4.8| (2). To show that this is actually the only possible 
case, assume on the contrary that P ^ X(Fq2). Note that /C := ^^V;^ is the canonical 
linear series by Lemma |2]^(2), and hence that 6 + 1 ^ H{P) for any (/C, P) -order 

5. Recall that m4 = q hj ( p.9| ). Now, Lemma together with p > 5 leads to the 
following two cases. 

Case 1: j2(P) = (g + 3)/4, j3(P) = (2g + 2)/4, j4(P) = (3g + l)/4. Here, {q-ms,q- 
m2,g - mj C {1, (g + 3)/4, (2g + 2)/4, (3g + l)/4} by Lemma |2J[5|(3). Thus mi = 
(2g - 2)/4,m2 = (3g - 3),m3 = g - 1. Now, 5 = (g - 9)/4+ (3g + l)/4 = g - 2 is a 
(/C, P)-order and hence g — 1 ^ H{P), a contradiction. 

Case 2: g = 1 (mod 3),j2(P) = (g - l)/3, j3(i^) = (g + 2)/3, j4(P) = (2g + l)/3. Here, 
^ = 3j2(-P) is a (/C,P)-order (as (g — 5)/4 > 3) and so g cannot belong to H{P), a 
contradiction. 

(2) g = 3 (mod 4). As above, if we show that P G A:'(Fg2), the result will follow from 
Corollary If P ^ X{Fg2), Lemma |3(2)(4) together with p > 5 yields j2(^) = 
(g - l)/3. Now, Lemma |]3|(2) implies that 5 + 1 ^ H{P) for every (2^P;t, P)-order 

6. On the other hand, as (g — 7)/4 > 3, Sj2{P) + 1 = g G H{P), a contradiction. □ 



Remark 4.10. As pointed out in Introduction, Fq2-maximal curves of genus g = [(g^ - 
2g + 5)/8j do exist. This genus equals Halphen's number Ci(4, g + 1), cf. (p.2|) . So far 
the following examples are known: 



(i) For g = (mod 4), curves of genus (g^ — 2g)/8 belong to a family of Fg2-maximal 



curves constructed by van der Geer and van der Vlugt, see p5|. Prop. 5.2(ii)], via 
fibre products of certain Artin-Schreier ]?-extensions of the projective line. See 
also [0, Thm. 3.3]. It seems plausible that a plane model for such a curve may 
be obtained from the proof of [|l^. Prop. 1.1]. 

(ii) For g = 1 (mod 4), curves of genus (g — 1)^/8 have been constructed as a quotient 
of the Hermitian curve 7i by a subgroup of the automorphism group of H; see 
H, Prop. 3.3(3)]. 

(iii) For g = 3 (mod 4), curves of genus (g^ — 2g + 5)/8 have been constructed in a 
similar way as in (II) above; see |jT3|, Prop. 3.3(3) (1)] or Ex. 5.10]. 



For the curves mentioned in (ii) and (iii), no plane model seems to be available in the 
literature. 
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